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Abstract
We deal with hypersurfaces in the framework of the n-dimensional relative differential
geometry.
We consider a hypersurface Φ of Rn+1 with position vector field x, which is relatively
normalized by a relative normalization y. Then y is also a relative normalization of
every member of the one-parameter family F of hypersurfaces Φµ with position vector
field
xµ = x+ µy,
where µ is a real constant. We call every hypersurface Φµ ∈ F relatively parallel to Φ
at the “relative distance” µ. In this paper we study
(a) the shape (or Weingarten) operator,
(b) the relative principal curvatures,
(c) the relative mean curvature functions and
(d) the affine normalization
of a relatively parallel hypersurface (Φµ,y) to (Φ,y).
Key Words : relative and equiaffine differential geometry, hypersurfaces in the Eu-
clidean space, Blaschke hypersurfaces in affine differential geometry, Peterson corre-
spondence, relative mean curvature functions
MSC 2010 : 53A05, 53A15, 53A40
1 Preliminaries
To set the stage for this work we present briefly in this section the main definitions,
formulae and results on relative differential geometry; for this purpose we have used [6]
and [7] as general references.
We consider a Cr-hypersurface Φ = (M,x) in Rn+1 defined by an n-dimensional, oriented,
connected Cr-manifold M , r ≥ 3, and by a Cr-immersion x : M → Rn+1, whose Gaussian
curvature K˜ never vanishes on M .
Let ξ be the unit normal vector field to Φ and
II := −〈dx,dξ〉 =: hij du
i duj, i, j = 1, . . . , n, (1.1)
1
be the second fundamental form of Φ, where 〈 , 〉 denotes the standard scalar product in
R
n+1 and (u1, u2, . . . , un) ∈M are local coordinates.
We denote by ∂if , ∂j∂if etc. the partial derivatives of a C
r-function (or a vector-valued
function) f with respect to ui.
A Cr-mapping y : M → Rn+1 is called a Cr-relative normalization of Φ, if
rank
({
∂1x, . . . , ∂nx,y
})
= n+ 1, (1.2a)
rank
({
∂1x, . . . , ∂nx, ∂iy
})
= n ∀ i = 1, . . . , n, (1.2b)
The pair (Φ,y) is called a relatively normalized hypersurface in Rn+1 and the straight line
issuing from a point P ∈ Φ in the direction of y is called the relative normal of (Φ,y) at
P .
The covector X of the tangent vector space is defined by
〈X, ∂ix〉 = 0 and 〈X ,y〉 = 1. (1.3)
The quadratic form
G := −〈dx,dX〉 (1.4)
is called the relative metric of (Φ,y).
For its coefficients Gij the following relations hold
Gij = −〈∂ix, ∂jX〉 = 〈∂j∂ix,X〉. (1.5)
The support function of Minkowski of the relative normalization y is defined by
q := 〈ξ,y〉 : M → R, q ∈ Cr−1(M), (1.6)
and, by virtue of (1.2), never vanishes on M .
Conversely, the relative normalization is determined by means of the support function
through
y = ∇III(q, x) + q ξ, (1.7)
where∇III denotes the first Beltrami-operator with respect to the third fundamental form
III of Φ (see [4, p. 197], [9]).
Because of (1.3) the following relations are valid
X = q−1ξ, Gij = q
−1hij , G
(ij) = q h(ij), (1.8)
where h(ij) and G(ij) are the inverse of the tensors hij and Gij , respectively.
From now on we shall use Gij for “raising and lowering” the indices in the sense of the
classical tensor notation.
Let ∇Gi denote the covariant derivative corresponding to G in the direction u
i.
By
Aijk := 〈X , ∇
G
k ∇
G
j ∂ix〉 (1.9)
the (symmetric) Darboux-tensor is defined.
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It gives occasion to define the Tchebychev-vector
T := Tm ∂mx, where T
m :=
1
n
Aimi , (1.10)
of the relative normalization y and the Pick-invariant
J :=
1
n (n− 1)
AjklA
jkl. (1.11)
We consider the bilinear form
B := 〈dy,dX〉. (1.12)
For its coefficients Bij we have
Bij = 〈∂iy, ∂jX〉 = −〈∂j∂iy,X〉. (1.13)
Then the following Weingarten type equations are valid
∂iy = −B
j
i ∂jx. (1.14)
Let TPΦ be the tangent vector space of Φ at the point P ∈ Φ. By means of (1.14) the
relative shape (or Weingarten) operator
ω : TPΦ→ TPΦ
of the relatively normalized hypersurface (Φ,y) at P is defined such that
B(u,v) = G(ω(u),v) (1.15)
for tangent vectors u,v at P (see [7, p. 66]), or equivalently such that
ω(∂ix) = −∂iy. (1.16)
Special mention should be made of the fact that the relative differential geometry includes
both the Euclidean one, which arises for q = 1, or equivalently for y = ξ, and the equiaffine
one, which is based upon the equiaffine normalization yaff. The last normalization is
defined, on account of (1.8), by means of the equiaffine support function
qaff := |K˜|
1
n+2 . (1.17)
We consider the Tchebychev-function [8]
ϕ :=
(
q
qaff
)n+2
2n
, (1.18)
of the relative normalization y. It is well known, that for the components of the Tchebychev-
vector the relation [4, p. 199]
T i = G(ij) ∂j(lnϕ) (1.19)
holds. Hence, by (1.8), we obtain
T = q∇II (lnϕ,x) . (1.20)
We note that the Tchebychev-vector vanishes identically iff the Tchebychev-function ϕ is
constant, or, by (1.18), iff q = λ qaff, λ ∈ R − {0}, which means that the relative nor-
malization y is homothetic (i.e. constantly proportional) to the equiaffine normalization
yaff.
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The Laplace-normal vector of y is introduced by the C1-mapping L : M → Rn+1 given by
L =
△Gx
n
, (1.21)
where △G is the second Beltrami-operator with respect to the relative metric G.
It is well known, that it fulfils the relation
L = T + y. (1.22)
Thus, by (1.7) and (1.20), we have
L = q
[
∇II
(
ln
ϕ
q
,x
)
+ ξ
]
. (1.23)
The real eigenvalues ki of the relative shape operator ω of (Φ,y) are called the relative
principal curvatures of (Φ,y) and their inverses are called the relative radii of curvature
and denoted by Ri. The associated eigenvectors of the real eigenvalues are called the
relative principal vectors and the corresponding directions are called the relative principal
directions of (Φ,y).
In what follows we shall consider only relatively normalized hypersurfaces such that their
relative shape operator has n real eigenvalues k1, . . . , kn (not necessarily being all different).
Their averaged elementary symmetric functions
Hr :=
(
n
r
)−1 ∑
1≤i1···<ir≤n
ki1 · · · kir , 1 ≤ r ≤ n, (1.24)
are called the relative mean curvature functions of (Φ,y).
Especially the first relative mean curvature
H := H1 =
1
n
(k1 + · · · + kn) =
1
n
tr
(
Bji
)
(1.25)
is called the relative mean curvature and the n-th relative mean curvature
K := Hn = k1 · · · kn = det
(
Bji
)
(1.26)
is called the relative curvature of (Φ,y).
Let δji be the Kronecker delta. The relative principal curvatures are the roots of the
characteristic polynomial
Pω(k) = det
(
Bji − k δ
j
i
)
, (1.27)
of ω, or, what is the same, the roots of the equation
det (Bij − k Gij) = 0. (1.28)
Pω(k) can be written in terms of the relative mean curvatures as (H0 := 1)
Pω(k) =
n∑
r=0
(
n
r
)
Hr (−k)
n−r, (1.29)
where H0 := 1.
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2 Relatively parallel hypersurfaces
Let a relatively normalized hypersurface (Φ,y) in the space Rn+1 be given.
In what follows we suppose that the relative normalization y = y(ui) is an immersion.
Then the so called relative image Φ := (M,y) of (Φ,y) is a hypersurface in Rn+1 which
besides possesses the same unit normal vector field, ξ(ui), as Φ.
We consider the one-parameter family of mappings xµ : M → R
n+1 which are defined by
xµ(u
i) = x(ui) + µy(ui), (2.1)
where µ is a real nonvanishing constant. From (1.14) and (2.1) we obtain
∂ixµ =
(
δji − µB
j
i
)
∂jx. (2.2)
Then it is readily verified that the vector product of the partial derivatives ∂ixµ satisfies
the relation
∂1xµ × · · · × ∂nxµ = A(µ)
(
∂1x× · · · × ∂nx
)
, (2.3)
where
A(µ) := det
(
δji − µB
j
i
)
. (2.4)
In what follows we suppose that A(µ) 6= 0 everywhere on M . Then the one-parameter
family (2.1) consists of Cr-immersions. In this way we obtain the one-parameter family
F =: {Φµ =: (M,xµ) | xµ = x+ µy, µ ∈ R \ {0} }
of Cr-hypersurfaces. To the point P (ui0) of Φ corresponds the point Pµ(u
i
0) of Φµ so that
their position vectors are x(ui0) and xµ(u
i
0), respectively.
From (2.3) we infer that the tangent hyperplanes to each member of the family F and to Φ
at corresponding points are parallel; Φ and every Φµ ∈ F are in Peterson correspondence
[1].
Furthermore, as we can see immediately by using (2.1), the relations (1.2) are valid as well
if the parametrization x(ui) of Φ is replaced by the parametrization xµ(u
i) of Φµ ∈ F .
Therefore y is a relative normalization for each member of F .
We call each relatively normalized hypersurface (Φµ,y) a relatively parallel hypersurface
to (Φ,y). Throughout what follows, we shall freely use for µ the expression “relative
distance”.
On account of (1.27) and (1.29) we find
A =
n∑
r=0
(
n
r
)
Hr (−µ)
r, (2.5)
which, because of (1.24), can be expressed by means of the relative principal radii of
curvature R1, . . . , Rn of (Φ,y) as follows
A = (−1)nK (µ−R1) · · · (µ−Rn). (2.6)
By means of (1.6), (1.8a) and (1.13) it is clear that (Φ,y) and every relatively parallel
hypersurface (Φµ,y) to (Φ,y) have in common
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(a) the relative image Φ,
(b) the support function q,
(c) the covector X of their tangent vector spaces and
(d) the covariant coefficients of their relative shape operators, i.e.
Bij = B
∗
ij . (2.7)
Remark 2.1. If the relative normalization y of Φ is the Euclidean one (y = ξ), then
q = 1 and vice versa (cf. (1.2) and (1.4)). In this case the concept of the relatively parallel
hypersurfaces reduces to the Euclidean one.
3 Formulae apparatus
In this section we investigate relationships between the second fundamental forms and the
relative metrics of a given relatively normalized hypersurface and a relatively parallel to
it.
For simplicity we denote a relatively parallel hypersurface (Φµ,y) at a relative distance µ
by (Φ∗,y). Analogously, we mark all the corresponding quantities induced by (Φ∗,y) with
an asterisk and we refer by (#*) to the formula, which, on this modification, flows from
formula (#).
Let
I = gij du
i duj , II = hij du
i duj,
be the first and the second fundamental forms of the relative image Φ of (Φ,y).
Because of (1.14) we obtain
gij = B
k
i B
m
j gkm, (3.1)
where gij denote the coefficients of the first fundamental form of Φ.
Recalling the Euclidean Weingarten equations
∂jξ = −hjk g
(km) ∂mx, (3.2)
and substituting it as well as ∂iy from (1.14) in hij = −〈∂iy, ∂jξ〉 we get
hij = −B
k
i hkj. (3.3)
On account of (1.8b) and (3.3) we arrive at
II = −q B. (3.4)
By combining (3.1) and (3.3) we can derive the following relation between the Gaussian
curvatures K˜ and K˜ of Φ and Φ respectively and the relative curvature K of (Φ,y):
K = (−1)n
K˜
K˜
. (3.5)
In analogy to the computation above we get by using (2.1) and (3.4) the second funda-
mental form of Φ∗:
II∗ = II − µ qB. (3.6)
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For the relative metric G∗ of (Φ∗,y) we find by combining (1.4), (1.4*), (1.12) and (2.1)
G∗ = G− µB. (3.7)
From (1.14), (1.14*), (2.2) and
∂ix =
(
δji + µB
∗j
i
)
∂jx
∗ ∀ i = 1, . . . , n, (3.8)
we obtain
Bji = B
∗k
i (δ
j
k − µB
j
k), B
∗j
i = B
k
i (δ
j
k + µB
∗j
k) ∀ i, j = 1, . . . , n (3.9)
and
Bki B
∗j
k = B
∗k
i B
j
k ∀ i, j = 1, . . . , n. (3.10)
By combining (1.26), (1.26*), (2.1) and (3.9a) we have
Corollary 3.1. The relative curvature of (Φ∗,y) is given by
K∗ =
K
A
. (3.11)
4 The shape operator of a relatively parallel hypersurface
In this section we study the relative shape operator and the relative mean curvature
functions of a relatively parallel hypersurface to (Φ,y).
Let ω be the relative shape operator of (Φ,y) at a point P ∈ Φ and ω∗ that of the relatively
parallel hypersurface (Φ∗,y) at relative distance µ at the corresponding point P ∗ ∈ Φ∗.
From (1.14), (1.14*), (1.16) and (1.16*) we take
ω∗(∂ix
∗) = ω(∂ix) ∀ i = 1, . . . , n, (4.1)
in other words the mapping
µ 7→ ω∗ (4.2)
does not depend on µ. This fact can be written as
dω∗(∂ix
∗)
d t
= 0. (4.3)
We consider in addition (2.2) and (3.8)–(3.10) and we have
ω∗(∂ix) = (δ
j
i + µB
∗j
i )ω
∗(∂jx
∗) = (δji + µB
∗j
i )B
m
j ∂mx = (B
m
i + µB
∗j
iB
m
j ) ∂mx
= (Bmi + µB
j
iB
∗m
j ) ∂mx = B
j
i (δ
m
j + µB
∗m
j ) ∂mx = B
∗m
i ∂mx,
that is
ω∗(∂ix) = B
∗m
i ∂mx ∀ i = 1, . . . , n. (4.4)
In an analogous manner we obtain
ω(∂ix
∗) = Bmi ∂mx
∗ ∀ i = 1, . . . , n. (4.5)
We can now prove the following propositions
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Proposition 4.1. For the relative shape operators ω and ω∗ of (Φ,y) and (Φ∗,y), respec-
tively, there hold the following properties:
(a) They commute.
(a) They are related through
ω∗ = (id−µω)−1 ω, (4.6)
where id is the identity transformation.
Proof. The first property is a consequence of (3.10), (4.4) and (4.5).
For the second we have from (3.9) and (4.4)
(id−µω)ω∗(∂ix) = B
∗m
i
[
∂mx− µω(∂mx)
]
= B∗mi (δ
j
m − µB
j
m) ∂jx = B
j
i ∂jx = ω(∂ix),
and the proof is completed.
From (1.16) and (2.1) we have
d ∂ix
∗
d t
= −ω(∂ix). (4.7)
Taking into account (4.1), (4.3) and (4.7) we then find
dω∗
d t
(∂ix
∗) = −ω∗
[d ∂ix∗
d t
]
= ω∗
[
ω(∂ix)
]
= ω∗
[
ω∗(∂ix
∗)
]
= (ω∗)2(∂ix
∗). (4.8)
Hence
Proposition 4.2. The mapping (4.2) fulfills the differential equation
dω∗
d t
= ω2. (4.9)
Proposition 4.3. Let k1, . . . , kn be the relative principal curvatures at a point P ∈ Φ.
Then the relative principal curvatures of the relatively parallel hypersurface (Φ∗,y) at rel-
ative distance µ at the corresponding point P ∗ ∈ Φ∗ are the following:
k∗i =
ki
1− µki
, i = 1, . . . , n. (4.10)
Proof. The relative principal curvatures of (Φ∗,y) are the solutions of (1.28*), that is of
det
(
B∗ij − k
∗G∗ij
)
= 0,
which on account of (2.7) and (3.7) can be written as
det
(
Bij −
k∗
1 + µk∗
Gij
)
= 0. (4.11)
But the solutions of the latter are the ki, i = 1, . . . , n, cf. (1.28). Consequently, the relative
principal curvatures ki and k
∗
i , of (Φ,y) and (Φ
∗,y), respectively, are connected with the
relation
ki =
k∗i
1 + µk∗i
, (4.12)
which is equivalent to (4.10).
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Proposition 4.4. (Φ∗,y) has constant relative mean curvature for each µ iff (Φ,y) has
constant relative principal curvatures.
The relative radii of curvature R∗i of (Φ
∗,y) are obtained immediately from (4.10):
R∗i = Ri − µ, i = 1, . . . , n. (4.13)
Thus ∑
1≤i≤n
Ri = nµ+
∑
1≤i≤n
R∗i . (4.14)
Let u1, . . .un be relative principal vectors which belong to the relative principal curvatures
k1, . . . , kn, respectively, at a point P ∈ Φ. Then
ω(ui) = ki ui ∀ i = 1, . . . , n. (4.15)
It is well known that different relative principal vectors are relatively orthogonal with
respect to B, that is for ur = u
i
r ∂ix the following relation holds
B(ur,us) = Bij u
i
r u
j
s = 0 ∀ r, s = 1, . . . , n (4.16)
(see [3, p. 10]).
We consider the tangent vectors
u∗i = k
∗
i ui, i = 1, . . . , n, (4.17)
which are relatively orthogonal with respect to B∗, cf. (2.7).
From (4.4), (4.10) and (4.15) we find
ω∗(u∗i ) = k
∗
i u
∗
i , i = 1, . . . , n. (4.18)
Consequently each vector u∗i = k
∗
i ui, i = 1, . . . , n, is a relative principal vector of (Φ
∗,y)
which belongs to the relative principal curvature k∗i . Thus we have proved the following
Proposition 4.5. Let u1, . . .un be relative principal vectors at a point P ∈ Φ. Then the
vectors k∗1 u1, . . . , k
∗
n un are relative principal vectors at the corresponding point P
∗ ∈ Φ∗
of the relatively parallel hypersurface (Φ∗,y) of (Φ,y) at relative distance µ.
We write the function A (see (2.3)) as
A = (1− µk1) · · · (1− µkn). (4.19)
Viewing it as a function of µ we observe that
dsA
dµs
= (−1)s s !
∑
1≤i1<···<is≤n
ki1 · · · kis
∏
1≤j≤n
j 6=i1,...,is
(1 − µkj). (4.20)
By using (4.19) one gets
(−1)s
s ! A
·
dsA
dµs
=
∑
1≤i1<···<is≤n
ki1
1− µki1
· · ·
kis
1− µkis
. (4.21)
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By using (1.24*) and (4.10) we may obtain the relative mean curvatures of (Φ∗,y) which
are the following
H∗s =
(−1)s
s !
(
n
s
)
A
·
dsA
dµs
, s = 0, 1, . . . , n. (4.22)
On account of (2.2) we have
dsA
dµs
=
∑
s≤r≤n
(−1)r
r !
(r − s) !
(
n
r
)
Hr µ
r−s. (4.23)
Inserting the latter in (4.22) we obtain
H∗s =
(−1)s
s !
(
n
s
)
A
·
∑
s≤r≤n
(−1)r
r !
(r − s) !
(
n
r
)
Hr µ
r−s. (4.24)
For s = n we regain (3.11). For s = n − 1 we find AH∗n−1 = Hn−1 − µK, or, on account
of (3.11),
H∗n−1
K∗
=
Hn−1
K
− µ, (4.25)
which essentially is (4.14). Moreover we have the following
Proposition 4.6. Let (Φ,y) be a relatively normalized hypersurface of constant sum of its
relative principal radii of curvature in the n-dimensional Euclidean space En. Then every
relatively parallel surface to (Φ,y) has also constant sum of its relative radii of curvature
and there is exactly one relatively parallel hypersurface to (Φ,y) whose (n− 1)-th relative
mean curvature vanishes.
Proof. The first part of the proposition follows from (4.14).
Suppose that R1+ · · ·+Rn = n c = const. and consider the relatively parallel hypersurface
at relative distance µ = c. But ∑
1≤i≤n
Ri =
nHn−1
K
. (4.26)
Then from (4.25) we obtain H∗n−1 = 0.
For s = 1 we get the relative mean curvature H∗ of (Φ∗,y):
H∗ =
1
nA
·
∑
1≤r≤n
(−1)r+1 r
(
n
r
)
Hr µ
r−1, (4.27)
or
H∗ =
1
nA
·
[
nH − 2
(
n
2
)
µH2 + 3
(
n
3
)
µ2H3 + · · ·
+ (−1)n(n− 1)
(
n
n− 1
)
µn−2Hn−1 + (−1)
n+1 nµn−1K
]
.
(4.28)
The relatively normalized surfaces (Φ,y) and (Φ∗,y) have common relative image. There-
fore, besides (3.5), we have
K∗ = (−1)n
K˜∗
K˜
, (4.29)
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hence by means of (3.5)
K˜∗
K∗
=
K˜
K
, (4.30)
and we arrive at the following
Proposition 4.7. The function K˜/K remains invariant by the transition to anyone of
the relatively parallel hypersurfaces of (Φ,y).
By combining (3.11) and (4.30) we find
K˜∗
K˜
=
1
A
. (4.31)
5 The affine normalization of a relatively parallel hypersur-
face
In this section we study the affine normalization, the Tchebychev-vector and the Laplace-
vector of a relatively parallel hypersurface.
Let q∗aff be the support function of the affine normalization y
∗
aff of Φ
∗. On account of
(1.17), (1.17*) and (4.31) we find
q∗aff = |A|
−1
n+2 qaff. (5.1)
From (1.18), (1.18*) and (5.1) results the Tchebychev-function
ϕ∗ = |A|
1
2n ϕ. (5.2)
of Φ∗.
Let
III := eij du
i duj
be the third fundamental form of Φ and e(ij) the inverse of the tensors eij . On account of
the well known relations
e(ij) = h(ir) h(js) grs
and (3.2) one can immediately verify the following relation
∇II(f, x) = −∇III(f, ξ) (5.3)
for a C1-function f(ui). But Φ and Φ∗ have common Euclidean normal vector field. So,
by means of (1.20), (1.20*), (1.22), (1.22*) and (5.3), we obtain the following relation
between the Tchebychev-vectors and the Laplace normal vectors, respectively:
T ∗ = T −
q
2n
∇III(ln |A|, ξ) , (5.4)
L∗ = L−
q
2n
∇III(ln |A|, ξ) . (5.5)
In view of (1.7), (1.7*), (5.3) and recalling that Φ and Φ∗ have common spherical image,
we find the affine normalization y∗aff of Φ∗:
y∗aff = |A|
−1
n+2 yaff + qaff ∇
III
(
|A|
−1
n+2 , ξ
)
. (5.6)
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6 Parallelism of the affine normals
We consider a relatively parallel hypersurface (Φ∗,y) at relative distance µ to the given
relatively normalized hypersurface (Φ,y) and we suppose that the affine normals of the
surfaces Φ and Φ∗ at corresponding points are parallel. This occurs iff
y∗aff = cyaff, c ∈ R, (6.1)
or, on account of (1.7), (1.7*) and (5.1), iff A = c1 ∈ R. Because of (2.2) the latter is
equivalent to
nH −
(
n
2
)
µH2 + · · ·+ (−1)
n
(
n
n− 1
)
µn−2Hn−1 + (−1)
n+1 µn−1 K ==
1− c1
µ
const.
(6.2)
Taking into account the relations (4.31), (5.4) and (5.5) we arrive at the following propo-
sition
Proposition 6.1. Let (Φ,y) be a relatively normalized hypersurface of Rn+1 and (Φ∗,y)
a relatively parallel hypersurface of it. Then the following properties are equivalent:
(a) The affine normals of Φ and Φ∗ are parallel.
(a) The Gaussian curvatures of Φ and Φ∗ are proportional.
(a) The Tchebychev and the Laplace vectors of the normalization y with respect to Φ and
Φ∗ coincide.
(a) The relative mean curvature functions of (Φ,y) are connected with a linear relation
with constant coefficients of the form (6.2).
Corollary 6.2. If one of the conditions (a)–(d) of the latter proposition is valid for n
different relatively normalized hypersurfaces (Φ∗,y) of (Φ,y), then the relative principal
curvatures of (Φ,y) are constant.
References
[1] Chakmazyan A. V.: On hyperbands of affine space in Peterson correspondence. Izv.
VUZ. Mathematica. 42, 67-73 (1998)
[2] Gray, A.: Modern differential geometry of curves and surfaces with Mathematica.
2nd edn. CRC Press, Boca Raton 1998, MR1688379
[3] Manhart, F.: Zur relativen Differentialgeometrie der Hyperfla¨chen. Dissertation,
68 p., Wien 1982.
[4] Manhart F.: Relativgeometrische Kennzeichnungen Euklidischer Hyperspha¨ren,
Geom. Dedicata 29, 193–207 (1989).
[5] Nomizu, K.: E´lie Cartan’s work on isoparametric families of hypersurfaces, Proc.
Sympos. Pure Math. 27, 191–200 (1975). MR0423260
[6] Schirokow, P. A.; Schirokow, A. P.: Affine Differentialgeometrie. B. G. Teubner
Verlagsgesellschaft, Leipzig 1962.
12
[7] Simon U.; A. Schwenk-Schellschmidt; H. Viesel: Introduction to the Affine
Differential Geometry of Hypersurfaces Lecture Notes, Science University Tokyo 1991,
ISBN 3798315299.
[8] Stamatakis, S.; Kaffas, I.; Papadopoulou, I.-I.: Characterizations of ruled
hypersurfaces in R3 and of hyperquadrics in Rn+1 via relative geometric invariants.
J. Geom. Graph. 18 (2014), 217-223 .
[9] Stamatakis S.; I. Kaffas; I. Delivos: Generalization of two Bonnet’s Theorems
to the relative Differential Geometry of the 3-dimensional Euclidean space. J. Geom.
108 (2017), 1073 – 1082.
13
